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Abstract
Part of the challenge in designing compliant mechanisms is finding suitable joints
that provide the needed motion and force-deflection characteristics. The Lamina
Emergent Torsional (LET) Joint is presented as a compliant joint suited for applications where large angular rotation is desired, but high off-axis stiffness is not
as critical. The joint is introduced and the equations necessary for determining the
force-deflection characteristics are presented. Since the LET Joint can be fabricated
from a single planar layer, it is well suited for macro and micro applications. Illustrative examples are provided with devices fabricated from materials as diverse as
steel, polypropylene, and polycrystalline silicon.
Key words: Compliant Mechanisms, Lamina Emergent Mechanisms, Torsion
Hinges
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Introduction

Many applications benefit from mechanisms not assembled with traditional
joints (e.g. pin joints, sliders, cams) and compliant components may be utilized to generate motion via elastic deflection of flexures. Part of the challenge
in designing mechanisms with compliant joints, or flexures, comes in finding a
suitable joint which gives the range of motion and force-deflection characteristics required. This paper introduces the Lamina Emergent Torsional (LET)
Joint as an addition to the compliant joints available to engineers designing
complaint mechanism systems. The LET Joint, shown in Figures 1 and 2,
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Fig. 1. An example of an outside LET Joint.

Fig. 2. An example of an inside LET Joint.

is made from a single planer layer but provides rotational motion out of that
plane, it is capable of large angular deflection, and is well suited to both macro
and micro applications. Under some conditions the LET Joint can exhibit motion in directions not desired if certain off-axis loading of the joint occurs (e.g.
compression/extension of the joint may be possible if the actuation force has
an axial component). The symmetry of the joint allows each individual torsional bar to go through less than the total joint motion, thus reducing the
stress in each torsional member.

2

Background

Compliant joints, or flexures, gain their motion through the deflection of the
joint material, rather than multiple joint surfaces rotating and/or sliding relative to each other. Because compliant joints are monolithic they have no
backlash from joint clearances or friction from contacting surfaces. Energy
is stored in the material as the joint flexes. This energy can then be used
2

advantageously by designing the joint to exhibit desired force-deflection characteristics without additional springs. Compliant joints are often used when
creating multi-stable mechanisms capable of having two or more equilibrium
positions. Although compliant joints exhibit many benefits, they are often limited in their range of motion, and are generally harder to design, than their
rigid body counterparts, due to the coupled motion and energy equations that
govern their behavior. Much has been published to aid in the design of compliant joints [1–3], including works investigating the design of flexures, or notch
type compliant joints [1,2]. One approach for compliant mechanism design is
the use of the pseudo-rigid-body model (PRBM). The PRBM analyzes compliance by replacing the compliant segments with rigid links and torsional springs
at the proper locations [3]. Traditional kinematics, along with the known torsional spring reactions, can then be used to analyze the motion and energy
storage of the mechanism.
Benefits in addition to those of compliant mechanisms can be gained if the
compliant joint is manufactured from planar layers. This is due to the low
cost and economical manufacturing methods associated with sheet goods. For
micro applications, planar fabrication makes the joint compatible with micro
fabrication methods. Joints fabricated from planar layers can be very compact
due to their planar initial state. Compliant mechanisms manufactured from
sheet goods with motion out of the plane of manufacture have been classified
as “lamina emergent mechanisms” (LEMs) [4]. The LET Joint exhibits the
advantages of LEMs.
Much work has been done in developing compliant joints for micro and macro
applications, only a few of which are highlighted here. Trease et al. [5] investigated large displacement compliant joints, where they proposed a new
joint for translation and another for rotation. They also benchmarked four
large-displacement compliant translation joints and ten large-displacement rotational joints.
Many compliant joints have been designed to simulate the rotational motion
of a pin joint. The cross-axis flexural pivot uses two crossed bands to provide
the rotational motion. The stresses and motion are well defined for small
deflections [6–9]. The split tube flexure investigated by Goldfarb and Speich
[10] allows for rotation about the tubes longitudinal axis while maintaining
most of its rigidity about the other axis.
Sometimes it is also useful to have a pin joint in the middle of a link, such as is
the case with scissors, pliers, and pantographs. The Q-Joint, or quadrilateral
joint, provides a compliant solution for this challenge [11].
Often compliant joints are susceptible to buckling and other undesired motion
if placed in compression. Guerinot et al. [12] describes how the principles of
3

isolation and inversion can help to overcome challenges of compliant joints in
compression.
MEMS frequently use compliant and non-compliant joints to achieve their
desired motion. Some of the non-compliant options available when using multilayer surface micromachining methods include the in-plane pin joint, the outof-plane pin joint, and the scissor hinge [13–17]. Although these joints continue
to be successfully used, they suffer from backlash inherent in the typical microfabrication processes. Many compliant joints have also been used successfully
in MEMS, including torsional hinges, long flexible segments, folded-beam suspensions, and others.
The LET Joint provides designers with a joint capable of large angular motion
while maintaining its ability to be implemented in a wide variety of macro and
micro applications. This is due to its laminar construction and fully compliant
nature.

3

Lamina Emergent Torsional (LET) Joint

When designing for motion out of the plane of fabrication it is advantageous to
design the linkages and associated joints so that the forces on the out-of-plane
members are balanced, thus reducing the off-axis loading and parasitic motion.
This can be done with torsional hinges by combining two torsional hinges, with
one on each side of the link as shown in Figure 1. In this configuration the
two torsional hinges labeled “A” in Figure 1 act as springs in parallel. The
torsional hinges labeled “B” also are in parallel. Sets A and B then act as
springs in series.
The two parallel sets of torsional hinges are connected by connecting elements
(Figure 1). As the hinge actuates, these short segments will be put into bending, while the remainder of the joint undergoes torsion. The significance of
this bending in the overall motion of the joint will depend on the stiffness of
those connecting elements.
It is also possible to design a LET Joint where the torsional hinges do not
extend beyond the width of the link, as shown in Figure 2. In designing the
LET Joint with the torsional hinges on the inside, new connecting elements
are introduced that are put into bending during hinge motion. This type of
joint is an “inside” LET Joint.
Either the outside (Figure 1) or inside (Figure 2) configuration of the LET
Joint can be used for connecting links to ground or for a link-to-link connection, as shown in Figure 3. It may not always be advantageous to use both
4

Fig. 3. An example of a LET Joint connecting one link to another link.

Fig. 4. a) The LET Joint and b) its analogous linear coil spring model illustrating
how the springs combine in series and parallel.

sets of springs (“A” and “B” in Figure 1). A “half” LET Joint, which only
uses two torsional hinges connected in parallel, can also be used.

3.1

Stiffness Modeling

The force-deflection characteristic for a LET Joint is found by combining all
of the individual spring constants into a single equivalent spring constant, keq ,
such that
T = keq θ

(1)

where T is the total torque on the joint, keq is the equivalent spring constant
and θ is the angle of rotation of the joint, in radians.
To find the equivalent spring constant, keq , the elements in the LET Joint will
be combined using the appropriate spring system. Figure 4 shows the LET
Joint with its individual spring constants labeled and the analogous spring
system. Combining k1 , k3 , k5 in series and k2 , k4 , k6 in series, then combining
those in parallel yields
keq =

k2 k4 k6
k 1 k3 k5
+
k1 k 3 + k1 k 5 + k3 k 5 k2 k 4 + k2 k6 + k4 k6
5

(2)

Fig. 5. a)The LET Joint and b) its analogous linear coil spring model illustrating
how the springs combine in series and parallel.

Most applications will utilize a symmetric LET Joint where the torsional joints
are equal (k1 = k2 = k3 = k4 ) and the connecting elements in bending are
equal (k5 = k6 ). For this case, equation (2) reduces to
keq =

2kT2 kB
kT2 + 2kT kB

(3)

where kT refers to the joints in torsion and kB to those in bending.
If all of the torsional joints are equal (k1 = k2 = k3 = k4 ) and k5 and k6 can
be considered rigid, because their spring stiffness is much larger than that of
the torsional joints, then equation (2) reduces to
keq = kT

(4)

where kT is the spring constant of one of the torsional joints. This result is
convenient because the equivalent spring constant is the spring constant of
one of the springs but the deflection required by each torsional hinge was cut
in half, also reducing the stress by half.
A similar procedure leads to the equivalent spring constant for the inside LET
Joint. Figure 5 shows the inside LET Joint with its analogous spring system.
The general form for the inside LET Joint’s equivalent spring constant is
1
=
keq

k 1 k5
k1 +k5

1
+

k2 k 6
k2 +k6

+

1
+
k9

k3 k 7
k3 +k7

1
+

k 4 k8
k4 +k8

(5)

If all of the torsional springs are equal (k1 = k2 = k3 = k4 ) and all of the
segments in bending equal (k5 = k6 = k7 = k8 = k9 ), then equation (5)
becomes
6

kT kB
5kT + 4kB
with kT referring to the joints in torsion and kB to those in bending.
keq =

(6)

If the links put into bending can be considered rigid and all of the torsional
hinges have the same spring constant, then equation (5) reduces to

keq = kT

(7)

which is the same result as that for the outside LET Joint in equation (4).
The spring constant for each individual torsional hinge can be found by
kT =

Ki G
Li

(8)

where Li is the length of the torsional segment, G is the modulus of rigidity,
and Ki is a parameter associated with the cross sectional geometry. Ki is
analogous to J, the polar moment of inertia, for circular cross sections.
Multiple equations have been proposed to model rectangular cross-sectional
geometries in torsion. The elasticity solution in terms of an infinite series was
given by Saint-Vennant [18] as

∞
X

1
64 t
Ki = wt3 
 3 − π5 w
i=1,3,5,···

tanh

iwπ 
2t 


i5

(9)



where, ‘tanh’ is the hyperbolic tangent function.
Roark and Young [19] gave an approximate equation for Ki , which can be
expressed as
"
!#
t4
t
3 1
Ki = wt
− 0.21
1−
(10)
3
w
12w4
Lobontiu [20] simplified Roark and Young’s equation by neglecting the highpower term reducing it to
Ki = wt3



1
t
− 0.21
3
w



(11)

It should be noted that all the equations above require that the width dimension, w, is always larger than the thickness t (w ≥ t). This is especially
important when a variable cross-sectional beam is used, that would require
the equation’s variables to switch mid-beam, such as a tapered bar. Figure
7
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Fig. 6. Errors compared to the series solution. The benchmark of the comparison
was achieved by adding the first 500 terms, i.e. i = 1, 3, 5, · · ·, 999 in the series
together, which is more than enough to get high precision results because the series
converges rapidly.

6 shows that the errors between the series solution and the errors of equation (10) are less than 0.5 percent. The accuracy of equation (11) decreases
as t/w approaches 1.
Hearn [21] proposed the following approximate equation:
2t3 w3
Ki = 2
7t + 7w2

(12)

Because of the symmetric relation between t and w, this equation is not dependent on the relative magnitude of t and w. However, this advantage comes
at a loss of accuracy in the equation (with errors up to 14 percent), as shown
in Figure 6.
Equation (10) is straight forward and accurate, and will be used for the remainder of the paper. Given equations (8) and (10), the spring constant for
each individual torsional spring can be found.
The flexible segments put into bending can be modeled using the pseudo-rigidbody model (PRBM) as small-length flexural pivots [22]. As a small-length
flexural pivot, its individual spring constant, kB , can be found as
kB =

EIB
LB

(13)

where E is the modulus of elasticity, IB is the beam’s moment of inertia, and
LB is the length of the segment in bending.
These individual spring constants are then used to find an equivalent spring
constant using the most appropriate of equations (2) to (4). This equivalent
8

Fig. 7. Cross sectional view of a rectangular torsion beam with the max shear stress
points shown.

spring constant can be used with equation (1) to find the force-deflection
characteristics of the LET Joint.

3.2

Stress

The stress in each of the compliant segments can also be determined. The
shear stress in a non-circular torsion bar can be modeled as
τmax =

Ti
Q

(14)

where Ti is the torque in the individual torsion bar and Q is a geometry
dependent factor. For a rectangle, Q is
Q=

w2 t2
3w + 1.8t

(15)

Once again, the width dimension is always considered larger than the thickness
(i.e. w ≥ t). The max shear stress occurs on the surface of the beam at the
mid point of the longer side, w, as shown by the dots in Figure 7.
To find Ti , the torque through each of the complaint segments must be determined. Springs in series experience the same load. For the outside and inside
LET Joints the following naming convention will be used for determining Ti : a
subscript of R refers to the right-hand side of the joint, an L to the left-hand
side of the joint. For an outside LET Joint, kR would represent the equivalent
spring constant for the right-hand side of the joint (i.e. k2 , k4 , and k6 joined
in series). kL equals k1 , k3 , and k5 joined in series. TL is the torque through
springs k1 , k3 , and k5 , thus T1 = T3 = T5 = TL . TR is torque through springs
k2 , k4 , and k6 thus T2 = T4 = T6 = TR . The fraction of the total torque T that
TL and TR experience are given by
TL =

kL T
keq

(16)

TR =

kR T
keq

(17)

9

If the outside LET Joint is symmetric (i.e. the segments in torsion are equal
and the segments in bending are equal) the torque through the left and right
half (TL and TR ) will be half of the total torque (T ).
In addition to the subscripts used above, T and B will also be used for top
and bottom, respectively, in the inside LET Joint. Thus, kLT would refer to
the equivalent spring constant for the left top (i.e. k1 and k5 joined in series)
or kRB for right bottom (i.e. k4 and k8 joined in series). TRT refers to the
torque through the top right (i.e. the torque through springs k2 and k6 ). kT is
the equivalent spring constant for the four top springs, k1 , k2 , k5 , k6 , and kB is
the equivalent spring constant for the four bottom springs, k3 , k4 , k7 , k8 . The
torque through each of the springs can be found as follows: T1 = T5 = TLT ,
T2 = T6 = TRT , T3 = T7 = TLB , T4 = T8 = TRB , and
T9 = T

(18)

TLT , TRT , TLB , TRB are given by
TLT =

kLT T
kT

kRT T
kT
kLB T
TLB =
kB
kRB T
TRB =
kB
where T is the total torque applied to the LET Joint.
TRT =

(19)
(20)
(21)
(22)

Given the appropriate torque, Ti , the stress in each of the members in torsion
can be calculated using equations (14) and (15).
For the segments in bending, the stress can be found using
σmax =

Ti c
I

(23)

where Ti is the torque or bending moment on the segment, c is the distance
from the neutral plane to the outer surface, and I is the segment’s area moment
of inertia. The max stress will occur on the outer surface of the segment.

3.3

Compression / Extension of the LET Joint

If the forces actuating the LET Joint are not a pure moment or tangential
to the beam at all times, parasitic motion of the joint could occur. Although
10

Fig. 8. a) Compression and b) Extension of a LET Joint.

this motion could be in any direction the LET Joint is prone to compression or extension of the joint. Ideally the LET Joint would have low torsional
stiffness while maintaining high stiffness in the other directions. Compression/extension of the joint occurs as the torsional segments are placed into
bending, as illustrated in Figure 8. The four torsional elements placed bending
can be modeled using the pseudo-rigid-body model (PRBM) as fixed-guided
beams [3]. If each of the torsional segments have the same geometry, and the
short segments connecting the torsional segments can be considered rigid, the
total joint stiffness in compression/extension will be equal to the stiffness of
one of the beams. Figure 9 shows the PRBM of a fix-guided beam. The spring
constant for one of the fix-guided beams, kf g , is
kf g = 2γKθ

EI
L

(24)

where γ and Kθ are often approximated as γ = 0.85 and Kθ = 2.65 [3], E is
the modulus of elasticity, I is the beam’s area moment of inertia, and L is the
length of the fix-guided beam. The distance the LET joint compresses/extends
will be twice the displacement of one of the fix-guided beams. The distance
the total joint compresses/extends is
d = 2γL sin(Θ)

(25)

cos(Θ)γLP = 4kf g Θ

(26)

where Θ can be found using

where P is the compressive/tensile force on the joint, L is the length of the
beam, and kf g is the spring constant for a fix-guided beam. The compression/extension of the joint will depend on the load direction and joint geometry.
11

Fig. 9. Pseudo-rigid-body model of a fix-guided beam

Fig. 10. Spring steel prototype LET Joint

4

Example

To illustrate and verify the proposed LET Joint and model, a spring steel
(AISI 1095) LET Joint was designed, fabricated, and tested. Figure 10 shows
the different LET Joint parameters, and Table 1 gives their values.
Table 1
LET Joint parameters
Variable

cm

in

LT L

2.77

1.09

LT W

0.49

0.19

LBL

1.28

0.50

LBW

0.50

0.20

L1

2.55

1.01

Thickness

0.081

0.032
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The following example determines the force-deflection characteristics and the
stress in each of the members of the spring steel prototype. Because of the
symmetry of the joint only two spring constants need to be calculated, one
for the torsional segments and one for the segments in bending. The torsional
spring constant for a single torsional element can be found using equations (8)
and (10). The modulus of rigidity (G) was found using a modulus of elasticity
E
), resulting in
of 205 GPa (29,700 ksi) and a poisson ration of 0.29 (G = 2(1+ν)
−5
4
−6
4
G=79.37 GPa (11,511 ksi). Ki =7.92×10 cm (1.90×10 in ) is found using
LT W and the material thickness, where LT W = w and thickness=t in equation (10). Using Ki , G, and the length of the torsion member, LT L , kT =2.26
N-m/rad (20.04 in-lbs/rad) is calculated using equations (8).
kB is found using equation (13) by substituting the modulus of elasticity,
3
=2.23×10−5 cm4
bending length (LBL ), and the moment of inertia, I = wt
12
(5.35×10−7 in4 ), which results in kB =3.56 N-m/rad (31.51 in-lbs/rad). The
two spring constants can then be used in equation (3) to calculated the equivalent spring constant of keq =1.72 N-m/rad (15.20 in-lb/rad). The output torque
is now easily found using equation (1). At 20 degrees (0.34 rad) of joint rotation, the output torque is 0.60 N-m (5.31 in-lbs).
With the force-deflection now known, it becomes important to determine the
joint range of motion prior to yielding. The stress in the torsional segments
is found using equations (14), (15) and either equations (16) or (17). Using the material thickness and LT W , equation (15) yields Q=9.90×10−4 cm3
(6.04×10−5 in3 ). Due to the elements in parallel of this LET Joint, the appropriate torque (Ti ) through the torsional hinge will be half of the total torque
applied to the joint. At an angle of 20 degrees, the stress calculated using
equation (14) is τmax = 303 MPa (43,914 psi). The stress in the sections in
bending is found using equation (23). Ti is again half of the total torque, the
moment of inertia I is the same as calculated above, and c is equal to half
of the thickness. Substituting these into equation (23) yields σmax =547 MPa
(79,325 psi).
If a vertical force was acting on the joint as the joint deflects some of the force
would contribute to extension of the LET Joint. If the force had a moment
arm of 10 cm (3.94 in) and the joint was deflected to 20 degrees, the axial
T
sin(20◦ )=2.05 N
force (P ) on the LET Joint can be found as follows: P = 10cm
(0.46 lbs). This can then be used along with equation (24) to determine the
pseudo-rigid-body angle Θ (illustrated in Figure 9). With this angle and the
torsion bar length (LT L ), equation (25) can be used to find the extension of
the joint. Following these steps will yield: kf g =2.71×102 N-m/rad (2.40×103
in-lb/rad), Θ=0.0026 degrees, and the total joint extension d=2.11×10−4 cm
(8.31×10−5 in). Therefore, for this loading condition, geometry, and material,
very little joint extension occurs.
13
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Fig. 11. Force Deflection plot of the spring steel prototype.

4.1

Testing

Testing of the spring steel LET Joint was preformed by fixing the link on
one end then displacing the link on the other side of the joint using a force
transducer at a distance of 15.88 cm (6.25 in) from the center of the LET
Joint.
Two sets of data were acquired, and both sets of data and the predicted values
are shown in Figure 11. The solid line represents the model prediction based on
the equations as illustrated in this section. The measured data is represented
by the discrete points. As demonstrated in Figure 11, the measured data
correlates well with the model’s prediction.

5

Example Implementation in Mechanisms

The LET Joint is suited for a variety of applications where large angular motion is desired. Figures 12-16 illustrate the LET Joint being used successfully
in a variety of mechanisms. Figure 12 illustrates its use in a mechanism with
motion similar to a planar four-bar mechanism. Five LET Joints are used.
One LET Joint is used for each of three joints of the four-bar joints, but two
LET Joints are combined to represent one joint to ground. This approach used
symmetric joints in parallel to accommodate for the geometric constraints associated with one of the joints.
Figures 13–14 utilizes the joint in a spherical compliant mechanism. An array
of three spherical slider-crank mechanisms are arranged symmetrically to balance the forces and create the desired geometry. All three spherical slider crank
14

Fig. 12. An example of a LET Joint used in a mechanism with motion similar to a
four-bar mechanism.

Fig. 13. The planar position of a spherical mechanism utilizing LET Joints.

Fig. 14. The actuated position of a LET Joint used in a spherical mechanism.

mechanisms can be simultaneously actuated with a single input. Each slider
crank mechanism contains three LET Joints for a total of nine LET Joints in
the mechanism. Spherical components, including spherical slider-crank mechanisms, have been demonstrated in rigid-body microelectromechanical systems
(MEMS) [23–25].
The LET Joint has also been demonstrated in MEMS. Figure 15 illustrates an
inside LET Joint that is used to achieve out-of-plane motion. Figure 16 uses
half LET Joints to create a MEMS four-bar mechanism.
15

Fig. 15. An example of an inside LET Joint in MEMS.

Fig. 16. An example of a MEMS four-bar mechanism using half LET Joints.

6

Conclusion

The LET Joint has been presented as a feasible compliant joint. The inherent
off-axis flexibility under some conditions makes it non ideal for some precision
engineering devices, but its high flexibility and the ability to fabricate it from
a single layer of material make it attractive for many compliant mechanism
applications where large deflections are desired. The equations needed to determine the force-deflection characteristics have been presented. The model
was illustrated in an example, the model results compared favorably to measured results.
The symmetric nature of the LET Joint allows each torsional hinge to undergo less deflection than the total motion of the joint. This allows for lower
stress in the torsional members or a larger rotation with the same stress level
when compared to a single torsional hinge. The symmetric design also reduces off-axis loading on adjacent links. LET Joints have been demonstrated
in macro and micro applications, including devices made from several different
materials.
16
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